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Abstract 



^ , To study spacelike surfaces of codimension two in the Lorentz-Minkowski space 

, M"'*'"'^, we construct a pair of maps whose values are in HSr ■= -fT" (v, l)n{xn+i = ^}) 

•/^ . called n^-Gauss maps. It is showed that they are well-defined and useful to study 

practically flat as well as umbilic spacelike surfaces of codimension two in M"^^. 



1 Introduction 



^ . In classical differential geometry, the Gauss map plays an important role in the study 
H ■ 

_Cp_. of the behaviour or geometric invariants of surfaces of codimension one. In the case 
of surfaces of codimension larger than one. Gauss map associated with some arbitrary 
normal field u is considered. By that way, one can consider the second fundamental form 
associated with u and study invariants or properties of surfaces, concerning to the concept 
of //-curvatures, that are dependent or independent on z/. 

In 1989, Marek Kossowski [8] used Gauss maps, whose values are in the lightcone, to 
study spacelike 2-surfaces in Rf, followed by Izumiya et. al. (see [3]). In 2004, Izumiya 
et. al. [5] used Gauss maps associated with a normal field u to study z/-umbilicity for 
spacelike surfaces of codimension two in Lorentz-Minkowski spaces. Long before, in the 
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study of minimal 2-surfaces in R", it is well-known that the mean curvature vector 
does not depend on u (see [10]). 

Motivated by these ideas, to study practically spacehke surfaces of codimension two 
in R""^^, we construct a kind of Gauss map whose values are in a hyperbolic space, called 
n^-Gauss maps. 

Let M be a spacelike surface of codimension two in R""*"^. The normal plane of M at 
p e M, denoted by NpM is a timehke 2-plane. We identify NpM with its image under 
the translation given by the vector —p. Then, the intersection of NpM and the hyperbolic 
space with center v = (0, 0, . . . , 0, —1) and radius 1, i?"(v, 1), is a hyperbola. For a fixed 
r > 0, the hyperplane {xn+i — r} meets this hyperbola exactly at two points, denoted by 
nf{p). 

This gives two differential maps p i— )■ nf{p), called n^-Gauss maps. Their deriva- 
tives are self-adjoint, and hence we can define the n^-Weingarten maps, n^-Gauss- 
Kronecker curvatures, n^-mean curvatures, n^-principal curvatures, n^-fiat points, n^- 
umbilic points .... 

We use these maps to study the fiatness and umbilicity for spacelike surfaces of codi- 
mension two in R""*"^. 

In this situation, some criteria for a spacelike surface to be flat or umbilic as well as 
examples of some kinds of flat and umbilic spacclike surfaces of codimension two are es- 
tablished. These examples show that we can use n^-Gauss maps to study some properties 
of spacelike surfaces of codimension two practically. 



2 Prelimineries 

2.1 The Lorentz-Minkowski space W^^^ 

The Lorentz-Minkowski space R""^^ is the {n + l)-dimensional vector space R"+^ = 
{{xi, X2, ■ ■ ■ , Xn+i) : Xi & — 1,2, . . . ,n + 1} endowed the pseudo scalar product 

n 

(X, y) = XI Xiyi - Xn+lVn+l: 
i=l 

where x = {xi, X2, . . . , Xn+i), y = (yi, 1/2, • • • Vn+i) G R"+^ Since (, ) is non-positive dcfl- 
nite, (x, x) may be zero or negative. We say a nonzero vector x G R"^"*^ spacelike, lightlike 
or timelike if (x, x) > 0, (x, x) = or (x, x) < 0, respectively. If (x, y) = 0, we say x, y 
arc pseudo-orthogonal. 

The norm of a vector x e R""*"-*^, denoted by ||x||, is defined by i/Kx, x)|. For a nonzero 
vector n e R^"*"^, a hyperplane with the pseudo normal n is defined as 

HP{n, c) = {x e R^+^ : (x, n) = c, c e R}. 
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The hyperplane is said to be spacelike, lightlike or timehke if n is timehke, hghthke or 
spacelike, respectively. 

It is easy to see that, HP{n, c) is spacelike if any vector x e HP{n, 0) is spacehke; 
HP(n, c) is lightlike if HP{n, 0) is tangent to the lightcone and HP(n, c) is timehke if 
HP(n, 0) contains timelike vectors. 

In M^*^^, we have three kinds of pseudo-hyperspheres 

1. iJ"(a, R) = {xe I (x - a, X - a) = -R^, R > 0} : the hyperbolic with center 
a and radius R; 

2. 5f (a, i?) = {x e I (x - a, X - a) = i?^ > 0} : the de Sitter with center a 
and radius R; 

3. LC(a) = {x e R"+^ : (x - a, X - a) = 0} : the hghtcone with vertex a. 
And we call 

Hlia, i?) = {x e i/"(a, R) : x^+i - a^+i > 0} 
the hyperbolic space with center a and radius R. 

2.2 The n^-Gauss maps 

In this paper a surface is always spacelike and is of codimension two in M""*"^, unless 
otherwise stated. It is an embedding X : ^7 — )■ M^^^^ , where U is an open domain in R"~^. 
We often identify M = X([/) with X. 

In this section we introduce two concrete spacelike normal fields on a surface that are 
useful to study the flatness and umbilicity, practically. 

The normal plane of M at p e M, denoted by NpM, can be viewed as a timelike 
2-plane passing the origin. The intersection of this plane and the hyperbolic space with 
center v = (0, 0, . . . , 0, —1) and radius 1, i?+(v, 1) is a hyperbola. For a fixed r > 0, the 
hyperplane {Xn+i — r} meets this hyperbola exactly at two points, denoted by n^(p). 

Definition 2.1. The following maps 

nf:M^ HSr := H^v, 1) n {xn+i = r} 
p ^ n^{p). 

are called n^-Gauss maps. 

The first property of n^-Gauss maps is 
Theorem 2.2. The n^- Gauss maps are smooth. 



3 



Proof. Locally, n^(p) are the solutions of the following system of equations 

(X„.,a) =0, i = 1,2, 1; 

(a-v,a-v) =-1; 

where a = (ai, 02, ... , a„, r). 

Since rank(Xu^, X^j, • • • , X^^ J = n — 1, we can assume that ai, • • • > a.n-_i are 
linearly expressed in term of a„. Substituting these to the last equation, we get a quadratic 
equation in term of a„. This equation has exactly two solutions and of course they are 
smooth. □ 

Prom now on, the symbol " * " means " + " or " - " , unless otherwise stated. 
The derivative of n* at p 

dn;{p) : TpM ^ T^.(j,^H!l{v, 1) C T^M © N^M; 

can be writen as 

dn:(p)^dnf{p) + dnf(p), 

where du*^ and dn^^ are the tangent and normal components of du*, respectively. 

We recall some definitions and facts concerning to z/-umbilic (see [5]) but restated for 
n*. Denoted by 

1. Ap'' :— — o?n*^(p), the n*-Weingarten map of M at p; 

2. Kp'' := det(Ap''), the n*-Gauss-Kronecker curvature of M at p; 

3. Hp"^ :— ^^tr(Ap''), the n*-mean curvature of M at p; 

4. /^"''(p), • • • , (the eigenvalues of Ap'') the n*-principal curvatures of 
M at p. 

Of course 

Kf^kf{p)kf{p)...k:Up), 

and 

Hf = -^(kfip) + kf{p) + • • • + kf_M)- 
^ n — 1 

We have some well-known facts. 

1. The n*-Weingarten map is self-adjoint. 
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2. The n*-principal curvatures kf"'(p),i — l,2,...,n — 1 ofMatp are the solutions of 
the following equation 

(1) det(6j(p)-/c^,,(p)) = 0, 

where bfj(p) := (X.u^u.(p), n*(p)), i,j^l,2,...,n — l, the coefficients of the n*- 
second fundamental form of M at p. 

3. Kf = det{bf{p)).det{gM)-\ 

Definition 2.3. 1. A point p e M is said to be n*-umbilic if kf*{p) = k{p), i = 
1, 2, . . . , n — 1. If k{p) — 0, then p is called n*-fiat. 

2. M is said to be n*-umbilic (n*-flat) if every point p e M is n*-umbilic (n*-flat). 

3. M is said to be totally umbilic (totally fiat) if every point p e M is n*-umbilic 
(n*-flat) for every r > 0. 

3 The n*- flatness 

We begin with a useful lemma. 

Lemma 3.1. // (n*)^. e NpM, where i e {1, 2, . . . , n - 1}, then (n*)„. = 0. 

Proof. We observe that, the last coordinate of (n*)„. is zero because the last coor- 
dinate of n* is constant. Therefore, since {n+, n~} is a basis of NpM, we have 

(2) (n;)„^ = A(n+-n;). 

An easy calculation shows that (n*, n*) = 2r. Therefore, 

If A 7^ 0, then 

(n+,n+) = {n;,n;) = (n+,n7) = 2r. 

And hence, 

(n+-n;,n+ -n;) = 0, 

a contradiction, because n+ — n~ is a nonzero spacelike vector. Thus, A = 0, and the 
lemma is proved. □ 

Theorem 3.2. Let M be a connected surface. The following statements are equivalent 

1. there exists an r > 0, M is n*-fiat; 
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2. there exists an r > 0, is constant; 

3. there exists a spacelike vector a = (oi, a2, • • • , Qn, ctn+i), On+i 7^ and a real number 
c such that M C -^^(a, c). 

Proof. (1. =^ 2.) Since M is n;!-flat, i.e. A'f = 0, we have 

(3) (X„,„,, <) = -(X„„ «)„,) = 0, J = 1, 2, . . . , n - 1. 

But (3) means that (n*)„. e A^pM and hence (n*)„. =0, i = 1, 2, . . . , n — 1 by virtue 
of Lemma 3.1. 

(2 =^ 1) Obviously. 

(2. =^ 3.) If n* is constant, then 

A(x, <) = (X„,, <) - (X, (n;)„J = 0. 

Thus X C H{n*, c), for some constant c. 

(3. =^ 2.) If M is contained in a timcUke hyperplane with a unit spacehke normal 
vector a = (oi, 02, ... , ^n+i), ^n+i 7^ 0, then it is not hard to check that we can choose 
the constant vector n* = 2a„+ia e -ff"(v, 1). □ 

Remark 3.3. 1. The Theorem 3.2 is a necessary and sufficient condition for a 
surface belonging to a timelike hyperplane that does not contain the x„+i-axis. For 
the case of surfaces belonging to a timelike hypersurface containing the x„+i-axis, 
see Example 5.2. 

2. A necessary and sufficient condition for a surface belonging to a lightlike hyperplane 
based on the totally lightlike flatness was established in [6]. 

3. A similar result with an assumption on parallelism of the normal field was given ([5, 
Theorem 4.3]). 

Corollary 3.4. Let M be a connected surface and n*^ 7^ n*^, i.e. ri 7^ r2 or n*^ = 
n+, = n,^ for some fixed r. If M is both n*^- and n*,^-flat, then M is a part of a 

spacelike (n — l)-plane. In this cases, n* are constant for every r > or equivalently, M 
is totally fiat, i.e. n*-fiat for every r > 0. 

Corollary 3.5. If M is connected and contained in a timelike hyperplane not con- 
taining the Xn+i-axis, then there exists a unique possitive real number r such that M is 
n*-fiat unless M is (or a part of) a spacelike {n — 1) -plane. 
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4 The n*-umbilicity 

In this section, we study the n*-umbihcity for spacehke surfaces of codimension two in 
M"'*"^. For a pseudo-hypersphere, we mean a hyperboUc or a de Sitter with center a 
and radius i?, or a hghtconc with vertex a. Because n^-umbihcity is an invariant under 
translations, we can assume that a is the origin in the study of the n*-umbihcity for 
surfaces lying in a pseudo-hypersphere. We begin this section with another useful lemma. 

Lemma 4.1. Suppose that vi and ^2 are smooth normal fields on M and for every 
p & M, i^iip) , i'2ip) are linear independent. If M is both i/i- and V2-umhilic then M is 
v-umhilic for every smooth normal field v. 

Proof. By the assumption, for every smooth normal field u 

where Aj, i = 1, 2 are smooth functions on M. 
Because d{\iVij^ — \id{yij^ ^ i — 1,2 

Since A'^' = id, i = l,2 

A'' = (AiA;'^^ + A2A;'^2)id. 

□ 

Because n+, n~ are linear independent by the construction and so are n*^, n*^ if 
ri 7^ r2, we have 

Corollary 4.2. If M is n*^- and n*^-umbilic, where n*^ 7^ n*^; then M is totally 
umbilic. 

Remark 4.3. 1. By virue of Lemma 4.1, a surface is totally umbilic iff it is v- 
umbilic for every smooth normal field u. 

2. It is well-known that (see [5, Lemma 4.1]), a surface lying in a pseudo-hypersphere 
is always i/-umbilic, where u is the position vector field. Therefore, Lemma 4.1 is 
useful in the study of the totally umbilicity for surfaces lying in a hyperbolic or a 
lightcone, because the position vector field and n* are always linear independent. 
The case of the de Sitter can be studied in a similar way by using the hghtcone 
Gauss maps (see [3], [8]...). So for simplicity in statements, we just state for the 
case of the hyperbolic spaces. 
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By using of Theorem 3.2, Lemma 4.1 or by a direct computation (see Example 5.2), 
we have 



Corollary 4.4. // M is contained in the intersection of a hyperbolic space and a 
hyperplane, then M is totally umhilic. 

Theorem 4.5. Let M he a spacelike surface of codimension two in i?"(0,i?). The 
following statements are equivalent. 

1. there exists r > 0, M is n*-umbilic; 

2. M is totally umhilic; 

3. M is contained in a hyperplane. 

Proof. (1. ^ 2.) Because M is contained in i/"(0, i?), M is umbiUc with respect to 
the position vector field X. Moreover, because X is timelike while n* is spacelike, M is 
totally umbilic by virtue of Lemma 4.L 

(2. ^ 3.) Let 

X A X„, A X„, A • • • A X„„_, 



X A X„, A X„, A • • • A X„„_ J 



Because 

(4) (i^,X) = 0, ^,i^) = ±l, (i/,X„J = 0, ^ = l,2,...,n-l; 

we have 

{dv, X) = (i/, dX) = 0; (i/, dv) = 0. 

Since {v, X} is a basis of NpM, dv e TpM, i.e. v is parallel. 

By virtue of Lemma 4.2 in [5], dv — AdX, where A is constant and hence u — AX + a, 
where a is a constant vector. Since (i^, X) = 0, (X, a) = — (X, AX) = —\R = c (a 
constant). Thus, M C HP{a.,c). 

(3. =^1.) follows by Corollary 4.4. □ 

Lemma 4.6. Let Ui, V2 be parallel vector fields on the connected surface M and v = 
avi + [3u2. Suppose that for every p E M, z^i (p) , z>'2 (p) are linear independent, then v is 
parallel if and only if a and j3 are constants. 

Proof. The assumption that v, vi, 1/2 are parallel yields 

daui + df3i'2 — 0. 

But this implies da — d/3 = since ui, 1/2 are linear independent. Conversely, it is obvious 
that if a and (5 are constants then u is parallel. 

□ 
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Among all hyperspheres HP{n, c) fl i?+(0, R) (n is timelike) of the hyperbolic space 
i?"(0, R), the case of right hyperspheres, i.e. n = (0, 0, . . . , 1), are special. The following 
theorem give some necessary and sufficient conditions for a surface lying in a hyperbolic 
space to be a part of a right hypersphere. 

Theorem 4.7. Let M be a surface contained in H^{0,R). The following statements 
are equivalent: 

1. M is contained in a right hypersphere; 

2. n* is parallel for any r > 0; 

3. there exists two different parallel normal fields n*^ , n*^ ; 

4- there exists r > 0, such that A^* — —aid, where a is constant. 

Proof. (1. ^ 2.) It is not hard to see that, because M C {xn+i = c} fl if"(0, R), for 
every r > 0, 

(5) n; = aX + ^v, 

where a, ^ are constants. Since X is parallel and v = (0, 0, . . . , 0, —1) is constant, n* is 
parallel. 

(2. =^ 3.) Obviously. 

(3. =^ 1.) Because X is a parallel normal field and {n*^,!!*^} is a basis of NpM, we 
have the linear expression 

(6) X = an;+/3<^, 

where a, /3 are constants by virtue of Lemma 4.6. Since the last coordinates of n*^ and 
are constants, the last coordinate of X is constant. 
(1. =^4.) The equation (5) imphes that 

= -aid. 

(4. =^ 1.) By the assumption, M is n*-umbihc. By virtue of Theorem 4.5, M C 
HP{a., c), where a is a unit vector. Except at most one point, where X is parallel to a, 

n* = aX + /3a, 

where /3 is a differential function on M. 

Since (n*, n*) = 2r, (X, X) — —R^, (X, a) = c we obtain the following equation 

2r = -a^R^ + 2ac^ + a^^^ 

Thus, /3 is constant and therefore so is the last coordinate of X. □ 
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The following theorem give another necessary and sufficient condition for a surface to 
be a part of a right hypersphere of a hyperbolic space without the assumption of lying in 
the hyperbolic space. 

Theorem 4.8. Let M be a surface in M^"*"^. The following statements are equivalent 

1. there exists r > such that n* is parallel, not constant, and M is n*-umhilic; 

2. M is contained in a right hypersphere in a hyperbolic space. 

Proof. ((1) =^ (2)) Since M is n*-umbilic, n* is parallel and (n*,n*) = 2r; dn* = 
ctdX, a — const. ^ 0, by virtue of Lemma 4.2 in [5]. Therefore, 

(7) n; = aX + a, 

where a is constant. 

Let V = (0, 0, . . . , 0, -1). Prom (7) we have 

X-l(v-a) = i(n:-v). 

a a 

A simple calculation yields 

(X-i(v-a),(X-l(v-a)) = -4 

i.e. M is contained in the hyperbohc space with center ^(v — a) and radius R — and 
hence contained in a right hypersphere by virtue of Theorem 4.7. 

((2) =^ (1)) is obvious by Theorem 4.7. □ 

The following is somewhat similar to the first statement of Lemma 4.2 in [5]. 

Theorem 4.9. Let M be a connected surface in M"^^. If there exists r > 0, such that 
M is n*-umbilic and for every i, j & {1,2, . . . ,n — 1} 

(8) HKZU, = [{K)l]u, 

then Ap'" — —aid, where a is constant. 
Proof. By the assumption, we have 

(n+)r. = «X„^, i = l,2,...n-L 
Therefore, for every i,je{l,2,...,n — l} 

[iK)li\uj = a„^X„. + q;X„.„., 
10 



and 

Since [(n;)^.]„. = [(n;)^^, and X„.„. = X„.„., we have 

and hence «„. = = because X„.,Xu^. are hnear independent; and therefore a is 
constant because M is connected. □ 

5 Examples 

We construct some concrete examples to illustrate the above results. 

Example 5.1. This example shows that there exists an n*-umbilic surface but not 
totally umbilic. 

Let M be a parametric surface in Rf, defined by the parametric equation 

X(ii, v) = ^2^^^' '^^^ ^ 2^^' "^^ "I" ' > 0) u > 1, a — Vs — 1 

A direct computation shows that X is spacelike and 

K = (1,1,0, a), 

" V a2 - 2ua + 2u^ ' 02-2^0 + 2^2' ' ^) ' 

Since n~ is constant, M is n~-flat. We can check that X C HP[n~, 0). 
Calculating the first and the second fundamental forms (with respect to n+) yields 

/ 6^2 — 2au + a2 — 1 Auv ' 



and 



-2a^+4au g 







Therefore, the principal curvatures A;"" and A;"" s-^e the solutions of the following equation 

Av' (2u' - 2au + a' - l) - 4v' ( _Z^^!±i^^ ^ q. 
^ ^ \a^-2au + 2u^J 

It is easy to see that /c"" = and A;"" 0- Thus, M is not n+-umbihc. 
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Example 5.2. This is an example of a totally umbilic surfaces, but the curvature A 
is not constant. 

Consider the equidistance hypersurface in i?+(0, 1) 

M = Hl{Q, 1) n {xi = 0} = X(M2) 

defined by 

X{u, v) = (0, u, V, Vu'^ + v'^ + l); {u,v)eR^. 
A direct computation yields 

X„= (0,1,0,^=^==], (0,0,1, 



Vu^ + v^ + lJ V Vu^ + v^ + l 

v"^ + 1 —uv -u^ + 1 

+ + 1 M"^ + v"^ + 1 + f ^ + 1 



X„„ - ( 0, 0, 0, ,^2 + ^2 + 1^3/2 J ' - (^0, 0, 0, + ^2 + 1)3/2 

X„,= 0,0,0, 



± _ -r / f ^ + 1 -MW 

^ y'' ^ - («2 + ^2 + 1)3/2 u^ + lj' 



^(^2 + ^2 + 1)3' '(^2+^2 + 1)2^ 

/ +y7 n ^ I n n -2ruv 

We can see that M is totally umbilic. Moreover, 

± — r 



" Vu^ + v^ + l 
is not constant and [(n+)^]^ 7^ [(iijJ^)^]u (see Theorem 4.9). 
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Example 5.3. This is an example of a i/-umbilic but neither n+- nor -umbihc for 
any r e Let 

TT TT 

^ '■ (0) q) ^ (~Q)0) ^ ^^1) {'<J',v) t-^ (MjSinVjVjCosw). 

A direct computation yields 

Xu = (1, 0, 0, — sinw), X^ — (0, cosv, 1, 0); 

X„„ = (0, 0, 0, -cosit), X„^ X^„ (0,0, 0,0), X^^ = (0, -sinv,0,0); 
gii = (X„, X„) = cos^ u> 0, gi2 = (X„, X^) = 0, g22 = (X^, X^) = 1 + cos^ v > 0; 



n; = -rsmu, -1/— ,cosva/—; ^ ,r l ; 



COS^ V 



cos^ M + 2r /r^ cos^ u + 2r 



= -rsmw, y— — ,-cos'yy — — ,r ; 

V V 1 + cos^ V V 1 + cos^ V 



± I r cos u 

' y l+cos^ II 



, cos^u 
1 + cos V 



(9) i<h^) = iihJ)■i9^J) 



-1 ( cosw 

^ sin f 



(l+cos-^ v)'-^ 



/V , r,± / „v ''^ , n± / V / cos^ -u + 2r 

COSM y (1 + COS"' t')'^' 

At each point p — x(u, v) e M, let vip) — n^ , where r„ — 77- — ^sm^^cos^M _ ^^^j^ 
see that is a smooth normal vector field on M and M is i/-umbilic but neither n+- nor 
n~-umbilic for any r e 1R+. 

Example 5.4. Let 

X(w, ^;) = (^u, sinv, cosv, V2 + , w e R, v e {—n/2,n/2). 
Because (X, X) = —1, M C H^{0, 1). A direct computation yields 

X„ = ( 1,0,0, . ^ ^ ) , X^ = (O,cosv, -sinv,0) ; 
V vii + 2/ 

13 
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gii = — — ^, 912 = 921 = 0, 5-22 = 1; 



= ( 0,0,0, ^2)3/2 ) ' X«t; = = (0, 0, 0, 0) , X^^ = (0, -sinv, -cosv,0) 



We can see that k'f > k'f while /c"" < /c"" for any r > 0. Thus, M is not i/-umbihc, 
for any normal vector field 1/ 7^ X. 
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